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Set Cover. Given a universe U, and a family

F of subsets of U, what is the minimum size
of a subfamily F’ of F such that UF" = U ?

Parameter. n =|U].
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Set Cover. Given a universe U, and a family
F of subsets of U, what is the minimum size
of a subfamily F’ of F such that UF" = U ?

Parameter. n =|U].

Denote F=1{§,,S,,...,5,.}-
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DP Table. Entry M[i,U’] for all i [m],and U’ U.
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DP: Set Cover

DP Table. Entry M[i,U’] for all i [m],and U’ U.

Meaning. M[i,U’']: What is the minimum size of
a subfamily F of {S,,S,,...,S;} such that U’ UF'?
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DP Table. Entry M[i,U’] for all i [m],and U’ U.

Meaning. M[i,U’']: What is the minimum size of
a subfamily F of {S,,S,,...,S;} such that U’ UF'?

Basis. M[0,U’]: 0 if U'= , and oo otherwise.
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DP Table. Entry M[i,U’] for all i [m],and U’ U.

Meaning. M[i,U’']: What is the minimum size of
a subfamily F of {S,,S,,...,S;} such that U’ UF'?

Basis. M[0,U’]: 0 if U'= , and oo otherwise.

Recursion. M[i,U’] = min{M[i-1,U’],
M[i-1,U'\S] + 1}.



IEANEARER

The size of the smallest subfamily F of
{5,,S,,...,S;} such that U" F might be smaller
that the size of the smallest subfamily F' of
{51,S,,...,5;} such that U'=F.

Meaning. M[i,U’']: What is the minimum size of
a subfamily F of {S,,S,,...,S;} such that U’ UF'?

Basis. M[0,U’]: 0 if U'= , and oo otherwise.

Recursion. M[i,U’] = min{M[i-1,U’],
M[i-1,U'\S]] + 1}.



< . DP: Set Cover

Running time. O(2"m).

Basis. M[0,U’]: 0 if U'= , and oo otherwise.

Recursion. M[i,U’] = min{M[i-1,U’],
M[i-1,U'\S] + 1}.
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DP: Steiner Tree

Steiner Tree. Given a graph G and a
terminal set W V(G), what is the minimum
size of a subtree T of G such that W V(G) ?

Parameter. k= |W|.



DP: Steiner Tree

Steiner Tree. Given a graph G and a
terminal set W V(G), what is the minimum
size of a subtree T of G such that W V(G) ?

Parameter. k= |W|.

(Size of subtree T= |E(T)|.)



DP: Steiner Tree

Assumptions.
1. |W|>1.



DP: Steiner Tree

Assumptions.
1. |W|>1.
2. G is connected.



DP: Steiner Tree

Assumptions.
1. |W|>1.
2. G is connected.

dist(u,v) = length of a shortest pathin G
between u and v.



DP: Steiner Tree

Assumptions.
1. |W|>1.
2. G is connected.

3. W is an independent
set, and each vertex in
Wis aleaf in G.
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Assumptions. %O

1. |W|>1.
2. G is connected.

3. W is an independent
set, and each vertex in
Wis aleafin G.



DP: Steiner Tree

Assumptions. %O

1. |W|>1.
2. G is connected.

3. W is an independent
set, and each vertex in
Wis aleafin G.

X



DP: Steiner Tree

DP Table. Entry M[v,W’] forallv V(G)\W
and W W wr .



DP: Steiner Tree

DP Table. Entry M[v,W’] forallv V(G)\W
and W' W, wWrT .

Meaning. M[v,W’]: What is the minimum size of a
subtree T of G such that W' U{v} W(T)?



DP: Steiner Tree

DP Table. Entry M[v,W’] forallv V(G)\W
and W' W, wWrT .

Meaning. M[v,W’]: What is the minimum size of a
subtree T of G such that W' U{v} W(T)?

Basis. M[v,{w}] = dist(v,w).



DP: Steiner Tree

Recursion. M[v,W’] =
min {M[u,X] + M[u,WA\X] + dist(v,u)}.

u V(G))}rl



DP: Steiner Tree

Proof. M[v,W'] £ min{M[u,X] + M[u,W\X] + dist(v,u)}.
u V(G))>r'



DP: Steiner Tree

Proof. M[v,W'] £ min{M[u,X] + M[u,W\X] + dist(v,u)}.
g Vi

For u and X that realize min, by the inductive hypothesis:

@ve




DP: Steiner Tree

*)

Proof. M[v,W’] < min{(IVI[u,X] + M[u,WN\X] + dist(v,u\)}.
¢ Yl

For u and X that realize min, by the inductive hypothesis:

m Subgraph S with

+ = at most * edges
such that

X WX WU{v} V(S).




DP: Steiner Tree

Proof. M[v,W'] 2 min{M[u,X] + M[u,W\X] + dist(v,u)}.
u V(G))>r'



DP: Steiner Tree

Proof. M[v,W'] 2 min{M[u,X] + M[u,W\X] + dist(v,u)}.
4 Yo

For an optimal Steiner tree w.r.t. W’U{v}:



DP: Steiner Tree

Proof. M[v,W'] 2 min{M[u,X] + M[u,W\X] + dist(v,u)}.
g i

For an optimal Steiner tree w.r.t. W’U{v}:

|W’|>1,

W is an independent set
of leaves




DP: Steiner Tree

Proof. M[v,W'] 2 min{M[u,X] + M[u,W\X] + dist(v,u)}.
g i

For an optimal Steiner tree w.r.t. W’U{v}:




DP: Steiner Tree

Proof. M[v,W'] 2 min{M[u,X] + M[u,WA\X] + dist(v,u)}.
u V(G))>r'

For an optimal Steiner tree w.r.t. W’U{v}:
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ILP: Introduction

Formo 1,11 + y,2:L2 T T Ay pLp E b]

211 + a22T2 +...+ a2,y < bo

Um,1L1 + Am 2T21 ... + Qm pTp < bm

Is there an assighment of integers to variables
that satisfies all inequalities?



" ILP: Introduction

Form. a1,1T1 T A12T2 T ... T Q1 pTp < by

az1r1 +ag2x2 +...+a2,xp < bo

Um,1L1 T ﬂfﬂl,ﬂ-r?‘l‘ cos T U, pLp E bm

Is there an assighment of integers to variables
that satisfies all inequalities?

ILP is solvable in p°PIL arithmetic operations.
[L — input size.] (Lenstra 83, Kannan 87)



7 ILP: Closest String

Om,pTp < by

Closest String. Given k strings s,,...,S, over

alphabet [n], each of length L, and a positive
integer d, decide if there is a string s* s.t.

H(s*,s;) := Hamming-dist(s*,s;) < d for all i [K].



a11%1 + a1z ctay T, < by
a2 &1 + agaTe +... +azpry < b o
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Closest String. Given k strings s,,...,S, over

alphabet [n], each of length L, and a positive
integer d, decide if there is a string s* s.t.

H(s*,s;) := Hamming-dist(s*,s;) < d for all i [K].

s [2]2]22]? ? |
Sy [3[5]1]9]5 9|
s, [6/1]1]8]6 9 |
S |8/5/1[1]5 4 |




a11%1 + a1z ctay T, < by
a2 &1 + agaTe +... +azpry < b )
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[k]

Closest Strings Given k strings s,,...,s, over

alphabet fn}, each of length L, and a positive
integer d, decide if there is a string s* s.t.

H(s*,s;) := Hamming-dist(s*,s;) < d for all i [K].

s [2]2]22]? ? |
Sy [3[5]1]9]5 9|
s, [6/1]1]8]6 9 |
S |8/5/1[1]5 4 |
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Column type. The type of a column c is the
column vector associated with it.

s [? ? |
S113/5/1]/91/5 9
s [6/1]/1/8]6 9 |
S |8/5/1[1]5 4 |
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a2 &1 + agaTe +... +azpry < b )
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Column type. The type of a column c is the
column vector associated with it.

- kk types.

s [?2]2]2]? ? |
sy [3]/5]1]9]s 9|
s, [6/1]1]8]6 9|
S |8/5/1[1]5 4 |




a11%1 + a1z cotay T, < by
a2 &1 + agaTe +... +azpry < b )
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Column type. The type of a column c is the
column vector associated with it.

- kk types.

- n,=the number of columns of type t.

s [?2]2]2]? ? |
sy [3]/5]1]9]5 9 |
S [6/1/1/8]6 9 |

S |8/5/1[1]5 4 |
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Variables. x}, for every type t and letter a.



1171 + a1 2% +...F a1 T, < by
a2,1T1 + ag,22 +... + a2,Tp < by

m 11 + aan,QwQ‘l‘ oot am pLp

ILP: Closest String

<bm

Variables. x}, for every type t and letter a.

kkk variables.
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Variables. x}, for every type t and letter a.

- kkk variables.
- xt: # occurrences of a in columns of type t in s*.



' ILP: Closest String

Variables. x}, for every type t and letter a.
- kkk variables.

- xt: # occurrences of a in columns of type t in s*.

Constraints. Vt [kX]and a [k]: xf =0.
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Variables. x}, for every type t and letter a.
- kkk variables.
- xt: # occurrences of a in columns of type t in s*.

Constraints. Vt [kX]and a [k]: xf =0.

Vvt [kk]: Za [k] x§=nt.



a11%1 + a1z cotay T, < by
a2 &1 + agaTe +... +azpry < b o
o OSES '
: : . : : )
m 11 U, 2 U, pLp < bm

Variables. x}, for every type t and letter a.
- kkk variables.
- xt: # occurrences of a in columns of type t in s*.

Constraints. Vt [kX]and a [k]: xf =0.

Vvt [kk]: Za [k] x§=nt.

a is not the letter of s; in a column of type t



. ok
Running time. 0*(2k°™).

Variables. x}, for every type t and letter a.

- kkk variables.
- xt: # occurrences of a in columns of type t in s*.

Constraints. Vt [kX]and a [k]: xf =0.
Vvt [kk]: Za [k] xfl = N,.

a is not the letter of s; in a column of type t
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ILP: Imbalance

Let G be a graph, and be an ordering of V(G).

5o 5600500



1171 + 12T +...F a1z, <y
+ag2xe +... +a2Tp < by
o AIMDALIANCE
0]
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Let G be a graph, and be an ordering of V(G).
L-(v)={u N(v):" ()< (W} R-(v)={u N(v):" (u)> (V)}

o0 S00
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Let G be a graph, and be an ordering of V(G).
L-(v)={u N(v):" ()< (W} R-(v)={u N(v):" (u)> (V)}

Imbalanceof vin ™. i (v)=||L-(v) |-|R- (V)| ].

i-(v)=1

o0 S00




ILP: Imbalance

Let G be a graph, and be an ordering of V(G).
L-(v)={u N(v):" ()< (M} R-(v)={u N(v):" (u)> (V)}

Imbalanceof vin ™. i (v)=||L-(v) |-|R- (V)| ].
Imbalanceof .i- = Zv V(G) i- (v).
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ILP: Imbalance

Om,pTp < by

Let G be a graph, and be an ordering of V(G).
L-(v)={u N(v):" ()< (M} R-(v)={u N(v):" (u)> (V)}
Imbalance of vin ~.i-(v) = | |L-(v) |-|R- (V)] ].
Imbalanceof .i = Zv V(G) i- (v).

Imbalance. Given a graph G, decide if there is an
ordering = of V(G) of imbalance at most d.
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ILP: Imbalance

Om,pTp < by

Let G be a graph, and be an ordering of V(G).
L-(v)={u N(v):" ()< (M} R-(v)={u N(v):" (u)> (V)}
Imbalance of vin ~.i-(v) = | |L-(v) |-|R- (V)] ].
Imbalanceof .i = Zv V(G) i- (v).

Imbalance. Given a graph G, decide if there is an
ordering = of V(G) of imbalance at most d.

Parameter. The size k of a vertex cover X of G.
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For every possible ordering =, of X, what is the
minimum imbalance of an ordering = of V(G) that

agrees with = ,?



" ILP: Imbalance

For every possible ordering =, of X, what is the

minimum imbalance of an_ordering =~ of V(G) that
agrees with = ,?

k! options



' ILP: Imbalance

For every possible ordering =, of X, what is the
minimum imbalance of an ordering = of V(G) that
agrees with ~ ?

Denote X={u,,u,,...,.u,} and I = V(G)\X.
Vertex Type. The type of v [is N(v) X.



' ILP: Imbalance

For every possible ordering =, of X, what is the
minimum imbalance of an ordering = of V(G) that
agrees with ~ ?

Denote X={u,,u,,...,.u,} and I = V(G)\X.
Vertex Type. The type of v [is N(v) X.

ns = the number of vertices (in /) of type S.



“ ILP: Imbalance

m 11 + a'nz,ZwQ‘l‘ o+ Um,pLp < bm

A vertex v is at position p [k, if ~ (Up)< (V)< (Upip)-



1171 + a1 2% +...F a1 T, < by

ILP: Imbalance

m 11 + aan,QwQ‘l‘ oot am pLp < bm

A vertex v is at position p [k, if ~ (Up)< (V)< (Upip)-




@11%1 T a1 2%2 T .. pTp 1
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Variables. xg for every type S and position p.
- 2K(k+1) variables.
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N : T : : .
m 11 O, 202 pLp =

Variables. xg for every type S and position p.
- 2K(k+1) variables.
- xg : # occurrences of S-type vertices in position

pin_.



" ILP: Imbalance

Variables. xg for every type S and position p.
- 2K(k+1) variables.

- xg : # occurrences of S-type vertices in position
pin_.

Constraints. VS Xandp [k],: x320.



' ILP: Imbalance

Variables. xg for every type S and position p.
- 2K(k+1) variables.
- xg : # occurrences of S-type vertices in position

pin_.
Constraints. VS Xandp [K],: x520.
: S _
VS X: Ep [kloxp ng.



| ILP: Imbalance

Constraints. VS Xandp [k],: x 20
: S _
VS X Zp [kloxp = Nq.

Vi [k]: y; = e, + Z{ll,} S X(Zp—oxp —Z’;=ix5)l-
\

I N (ui)n{up-"t ui.1} I = I N (ui)n{ui-l-ll"'l uk} I



| ILP: Imbalance

Constraints. VS Xandp [k],: x 20
: S _
VS X Zp [kloxp = Nq.

Vi [kl: y; 2 e+ Z{u} S X(zp-oxp Z’,§=ix3)l-
/ /



' ILP: Imbalance

Constraints. VS Xandp [k],: x 20
: S _
VS X Zp [kloxp = Nq.

Vi [kl: y; 2 e+ Z{u} S X(zp-oxp Z’,§=ix3)l-

k k S S

N
| IS0{u,,..., u }|-1SN{u,,q,..., Uil |



Questions?



